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Abstract

We study the stability of geometrically thin accretion disks with non-standard α parameter, which
characterizes the efficiency of the angular momentum transport. Following recent results of numerical sim-
ulations of the Magnetorotational instability (MRI) driven turbulence, we assume that α increases with
the magnetic Prandtl number. By adopting Spitzer’s microscopic diffusivities, we obtain local structures
of geometrically thin accretion disks consistently including effects of MRI-driven turbulence. Since the
magnetic Prandtl number increases with the temperature, the efficiency of the angular momentum trans-
port and thus viscous heating rate are smaller for a larger radius when δ > 0. We found that such disks
can be unstable to gravitational, thermal, and secular instabilities. It is most remarkable feature that the
thermal and secular instabilities can grow in the middle part of accretion disks (r ' 100rs, where rs is
the Schwarzschild radius), even when the radiation pressure is negligible, while the standard Shakura &
Sunyaev’s accretion disk (constant α) is stable to these instabilities. We conclude that it would be difficult
to maintain the steady mass accretion state unless the Pm-dependence of the MRI-driven turbulence is
weak. Consideration of Pm dependence of α due to the MRI-driven turbulence may make the phase
transition of accretion disks less mysterious.
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1. Introduction

The physical mechanism for transporting the angular
momentum is the important unresolved issue in accre-
tion disks. It has been studied to understand the pow-
erful mass accretion associated with the release of the
gravitational energy by analytical and numerical proce-
dures.

The pioneering study of the steady mass accretion into
the central star and the structure of the accretion disks
was done by Shakura & Sunyaev (1973) by assuming that
the efficiency of the angular momentum transport is pro-
portional to the total pressure, trφ = −αp, where trφ and
p are the r − φ component of the stress tensor and the
total pressure, respectively. α is the phenomenological
dimensionless viscosity parameter, which should be de-
termined experimentally. The disk model they developed
is now referred to as ’Standard Shakura-Sunyaev Model’
(see, e.g., Kato, Fukue, & Mineshige 1998, hereafter, we
simply call it the ’α-model’).

From the observational point of view, King, Pringle
& Livio (2007) discuss that α should be of order ' 0.1
to explain the powerful energy release observed in the
disk systems, such as dwarf novae, X-ray transients, and
the Active Galactic Nuclei (AGNs). Since the required

level of α is much larger than that obtained from the
microscopic viscosity, the turbulent viscosity would be
essential for the angular momentum transport in the disk
systems (see, also Hartmann et al. 1998, Smak 1999,
Dubus et al 2001, Starling et al. 2004, Lodato & Clarke
2004).

Balbus & Hawley (1991) studied the role of the
magneto-rotational instability (MRI) in the astrophysi-
cal disk systems. The angular momentum is transported
outward by the magnetic tension force. Importantly, the
magnetic field is amplified due to the differential rota-
tion even if the magnetic field strength is initially very
weak. The angular momentum is transported by the am-
plified magnetic fields. After the discovery of the MRI,
the non-linear MHD turbulence driven by the MRI has
been studied as the leading mechanism for the turbulent
angular momentum transport in disk systems using the
numerical simulations (Hawley & Balbus 1992, Hawley
1995, Sano et al. 2004, Fromang et al. 2007). The phys-
ical properties of the MRI-driven turbulence are, how-
ever, not well determined.

A remarkable feature found in recent numerical sim-
ulations is that the efficiency of the angular momen-
tum transport strongly depends on the magnetic Prandtl



number Pm = ν/η (Lesur & Longaretti 2007, Fromagn
et al. 2007, Simon & Hawley 2009), where ν is the
viscosity and η is the magnetic diffusivity. When the
system has non-zero net magnetic flux, which would be
reasonable for the astrophysical disk systems, the tur-
bulent stress depends on the magnetic Prandtl number
and the efficiency of the angular momentum transport
α increases with Pm, as α ∝ Pmδ, where δ is the con-
stant power-law index (0 < δ < 1) (Fromang et a. 2007,
Simon & Hawley 2009).

It should be noted that although the viscous effect sup-
presses the growth of MRI in the linear regime (Masada
& Sano 2008, Pessah & Chan 2008), it boosts the angu-
lar momentum transport in the non-linear regime. When
Pm > 1, the MRI grows and the angular momentum
is efficiently transported. It is the central issue in the
current MRI studies which should be solved to under-
stand the gravitational energy release in the astrophysi-
cal disks.

After the findings of the Pm-dependence of the angu-
lar momentum transport, Balbus & Henri (2008) evalu-
ated the magnetic Prandtl number in the accretion disks
by assuming the fully ionized gas. They found that
the magnetic Prandtl number increases with decreas-
ing the radius r and it becomes larger than unity when
r < 100rs, where rs is the Schwarzschild radius. This
result suggests that the angular momentum transport is
efficient in the inner part of the disks. Considering the
recent findings of the numerical studies α ∝ Pmδ, such
a efficient angular momentum transport would affect the
dynamics of the accretion disks.

In this paper, we construct a steady model for geomet-
rically thin disk taking into account the effect of MRI
through the parameter δ in the form α ∝ Pmδ. This
should be consistent treatment of the turbulent viscosity
with the results from recent local shearing box simula-
tions (Lesur & Longaretti 2007, Simon & Hawley 2009).

This paper is organized as follows: The steady disk
model with the non-standard description of the viscos-
ity parameter α ∝ Pmδ is constructed in § 2. We then
describe the basic properties of our disk model in § 3.
In § 4, we investigate the stability of our steady disk
model to the gravitational, thermal, and secular insta-
bilities. The dependence of the stability criteria on the
magnetic Prandtl number (or index δ) is our interest in
this section. We summarize our results in § 5.

2. Model

We construct a steady disk model taking into account
the effect of the MRI-driven turbulence found in the re-
cent local simulations (Lesur & Longaretti 2007, Simon
& Hawley 2009). A fundamental assumption of this work
is that the efficiency of the angular momentum transport

is proportional to the magnetic Prandtl number as

α = α0P
δ
M , (1)

where α0 is a constant, which should be determined so
that α < 1, and δ ranges 0 < δ < 1 from the result of
the numerical studies (Lesur & Longaretti 2007, Simon
& Hawley 2009).

In the following, we assume that the gas in the disks
is fully ionized, which is reasonable for the disk of the X-
ray binaries and for the inner part of the disk in AGNs.
Then the viscosity ν and the electric resistivity η are
estimated as

ν = 1.6 × 10−15ρ−1T
5
2 (lnΛHH)−1 , (2)

and

η = 5.55 × 1011T− 3
2 ln ΛeH , (3)

where ρ and T are the gas density and the temperature
(Spitzer 1962). The Coulomb logarithms for proton-
proton and electron-proton scatterings are represented
above by lnΛHH and lnΛeH , respectively. Then the
magnetic Prandtl number is written as

Pm =
(

T

4.2 × 104 K

)4 (
1014 cm−3

nl

)
, (4)

where n is the number density and l = lnΛeH lnΛHH is
the product of the Coulomb logarithms and is fixed to
be l = 40 in the following (see, Balbus & Henri 2008).

By substituting equation (4) into (1), the efficiency of
the angular momentum transport depends on the local
nature of the accretion disks. The rest of the equations
is the conventional ones used in the classical standard
α-disk model, such as the mass conservation equation,
the angular momentum conservation equation, and the
energy balance between the viscous heating and the ra-
diative cooling (see, e.g., Frank et al. 1992, Kato, Fukue,
& Mineshige 1998). We assume that the gas rotates with
the Keplerian speed and that the hydrostatic balance is
maintained in the vertical direction. Combining these
equations coupled with equations (1) and (4), we ob-
tain the steady disk model taking into account the MRI-
driven turbulence. We note that our disk model reduces
to that of the conventional α-disk when δ = 0.

3. Disk Structures

Figure 1 shows the radial profiles of the magnetic Prandtl
number (left top), the viscous parameter α (right top),
the surface density Σ = 2ρH (left bottom), and the tem-
perature (right bottom), respectively. Here, ρ and H
are the mass density and the scale height, respectively.
The constant parameter α0 is determined so that the
maximum of α to be unity. The thick solid curves show
the solutions for the standard α-disk model (δ = 0),



Fig. 1. Radial profiles of the magnetic Prandtl number (left top), α (right top), the surface density (left bottom), and the temperature (right
bottom). α0 is determined so that the maximum of α is unity. Thick solid curves denote the solutions for the conventional standard disk
model, while dashed, dotted, and dash-dotted ones do those for δ = 0.25, 0.5, 1, respectively. The other parameters are Ṁ = 10Ṁ¯ and
Ṁ = ṀEdd

while dashed, dotted, and dash-dotted ones do those for
δ = 0.25, 0.5, 1, respectively. We take the mass of the
central star M = 10M¯ and the mass accretion rate
Ṁ = 10ṀEdd, where ṀEdd is the Eddington mass accre-
tion rate.

As mentioned by Balbus & Henri (2008), the mag-
netic Prandtl number decreases with radius since the
temperature decreases with it. It becomes unity around
r ' 100rs which is qualitatively consistent with their re-
sults. In our model of non-standard α-disk models, the
viscous parameter α depends on the magnetic Prandtl
number through equation (1) following to the recent nu-
merical studies. Thus, α is not uniform in space, but
it steeply decreases with radius except the inner part of
the disks. Since the viscosity η increases with T and the
electric resistivity decreases with T , the MRI-driven tur-
bulence is suppressed in the outer part of the disks. The
gaseous materials cannot accrete inward efficiently due
to the suppression of the angular momentum transport,
so that the disk gas is accumulated in the outer part of
the disks. It leads to the increase in the surface den-
sity compared to the standard constant α-disk models.
From the consideration of the energy balance between
the viscous heating and the radiative cooling, the disk
temperature slightly increases.

We can see that there exists the inflection point where
α rapidly decreases with decreasing the radius (r '
10rs). Since we adopted the zero stress boundary con-
dition at the inner radius (r = 3rs), the gaseous mate-
rials cannot rotate with the Keplerian speed inside the
inner radius. The gas materials accrete onto the central
star, without the influence of the turbulent viscous stress
(Novikov & Thorne 1973). This results in the lower tem-

perature and the lower efficiency of the angular momen-
tum transport.

4. Stability Analysis

As showed in the previous section, the inclusion of the
Pm-dependence in the viscous parameter α drastically
changes the dynamical structure of the disk system. In
this section, we show the results of the linear stability
analysis of our disk model to the gravitational, thermal,
and secular instabilities.

4.1. Gravitational Instability

In the previous section, we showed that the gaseous ma-
terials are accumulated in the outer part of the disks (see,
Figure 1) because of the lower efficiency of the angular
momentum transport. Such a mass accumulation would
affect on the structure of the disks when the self-gravity
of the disk gas is comparable with the gravity by the
central object.

The criteria for the gravitational instability to axisym-
metric perturbation is evaluated as

Q =
Ωcs

πGΣ
, (5)

where cs and G are the sound speed and the gravita-
tional constant (Toomre 1964, Goldreich & Lynden-Bell
1965). When Q < 1, the self-gravity cannot be neglected
compared to the gravity by the central star, and the grav-
itational instability would set in.

Figure 2 shows the radial profile of Toomre’s Q-value.
Solid curves show the results of standard-α disk model
(δ = 0), while the dashed, dotted, and dot-dashed curves
show the model with δ = 0.25, 0.5, 1.0, respectively. The



Fig. 2. Radial profiles of Toomre’s Q-value. Solid, dashed, dotted, and dash-dotted curves represent for δ = 0, 0.25, 0.5, 1.0, respectively.
Upper four curves show the model of M = 10M¯ (Low Mass X-ray Binaries), while lower four curves do that of M = 108M¯ (AGNs).

upper four curves show the results of M = 10M¯ (Low
Mass X-ray Binaries, hereafter, LMXBs), while the bot-
tom four curves do that of M = 108M¯ (AGNs). The
mass accretion rate is taken to be Ṁ = ṀEdd. We can
see that the Q value decreases with radius because the
gravity from the central star decreases with it. We note
that the Q value decreases with increasing the index δ.
As mentioned above, the efficiency of the angular mo-
mentum transport α steeply decreases with increasing δ,
so that the mass is accumulated in the outer part of the
disk when δ > 0. Thus, the self-gravity by the accumu-
lated mass becomes more important for a larger δ.

For LMXBs (model M = 10M¯), the Q-value becomes
smaller than unity when r > 107 − 108rs. The X-ray bi-
naries, which are the system of the stellar mass black
hole and the companion star, would be gravitationally
stable since the typical size of them is much smaller than
108rs. On the other hand, the Q-value becomes smaller
than unity when r > 102−103rs for the model of AGNs.
This indicates that the geometrically thin disks of AGNs
are gravitationally unstable, even if α is independent of
Pm. The Pm-dependence of α enhances the growth of
the gravitational instability due to the mass accumula-
tion in the outer part of the disks. The self-gravity would
affect the dynamical structure of the accretion disks in
AGNs. Although we need to take into account the self-
gravity to construct the disk model for AGNs (see, e.g.,
Kozlowski et al. 1979, Mineshige & Umemura 1996),
it is beyond the scope of this paper. We only mention
that the Pm-dependence of α enhances the growth of
the gravitational instability.

4.2. Thermal and Secular Instabilities

In our models of the accretion disks with non-standard
α-prescription, the viscous parameter depends on the lo-

cal nature of the accretion disks through the magnetic
Prandtl number (see, equations 1 and 4) following to the
results of the recent numerical simulations. Thus, the
viscous parameter increases with increasing the temper-
ature, and decreases with increasing the mass density.
When the gas temperature is locally increased, the vis-
cous heating rate also increases due to the enhancement
of the MRI-driven turbulence. Then the positive feed-
back of increasing the heating rate leads to the thermal
instability. The instability criterion for the thermal in-
stability is written as

∂(Q+
vis − Q−

rad)
∂T

∣∣∣∣
Σ=const

> 0 , (6)

where Q+
vis and Q−

rad are the viscous heating rate and the
radiative cooling rate, respectively. This means that the
thermal instability sets in when the increasing rate of the
viscous heating overcomes that of the radiative cooling.
The growth rate of the thermal instability is determined
by the thermal time scale.

When the gas density is locally increased, the viscous
parameter α decreases. It means the suppression of the
angular momentum transport. The positive feedback of
this suppression leads to enhancing the mass density, re-
sulting the secular instability. The instability criterion
for the secular instability is written as

− ∂Trφ

∂Σ

∣∣∣∣
Q+

vis=Q−
rad

< 0 . (7)

This means that the instability sets in when the turbu-
lent stress decreases when the surface density increases.
The typical time scale of this instability is the viscous
time scale.

For the simple treatment of two type of instabilities,
we introduce two dimensionless parameters, β and γ.



Fig. 3. Thermal and secular unstable domain on the parameter space of β − γ. The dominance of the electron-electron scattering for the
opacity is assumed. Solid curves correspond to δ = 00, 0.2, 0.4, 0.6, 2/3. The lower left region of each curve denotes the unstable domain.

The ratio between the gas pressure pgas and the total
pressure p can provide the parameter

β = pgas/p. (8)

The r − φ component of the stress tensor Trφ is as-
sumed to have an general form as

Trφ = −2αpγ
gasp

1−γH . (9)

We study the linear stability with the parameter space
of β − γ − δ to the thermal and secular instabilities.

To perform the stability analysis, we use the fact that
the dynamical time scale is much shorter than the ther-
mal time scale and the thermal time scale is much shorter
than the viscous time scale. Thus, when we study the
thermal instability, we can assume that the force balance
in the radial direction is maintained. Thus the gaseous
motion due to the temperature perturbation is restricted
in the vertical direction, so that the surface density does
not change in the thermal evolution time. When we
consider the secular instability, the thermal valance is
maintained since the thermal time scale is much shorter
than the viscous time. These assumptions can filter out
the thermal and oscillatory mode and make the stability
analysis easy.

When the electron-electron scattering is the dominant
source of the opacity, the criteria for the thermal and
secular instabilities can be described by a following equa-
tion,

4 − 10β − 7γ(1 − β) + δ(8 + β) > 0. (10)

Figure 3 shows the unstable domain on the param-
eter space of β − γ. Solid curves denote for δ =
0.0, 0.2, 0.4, 0.6, 2/3. The left lower region of each curve

corresponds to the unstable domain. When δ = 0, the
criterion for these instabilities reduces to that for the
standard α-disk model (Kato, Fukue & Mineshige 1998).
The last term of equation (10) comes from the effect of
the MRI-driven turbulence. Note that the last term is
always positive when δ > 0, the effect of MRI-driven tur-
bulence enhances the growth of the thermal and secular
instabilities. Especially when the gas pressure dominates
the radiation pressure (β = 1), the instability criterion
is written as

δ >
2
3
. (11)

Note that the standard α-disk is always stable to these
instabilities when the gas pressure dominates the radi-
ation pressure. When we consider the Pm-dependence
of α, the disk can become unstable to these instabili-
ties. As we mentioned above, the magnetic Prandtl num-
ber increases with the temperature. Such a increase in
the temperature enhances the saturation level of MRI-
turbulence. This effect is included through the non-
standard α-prescription in our model. The positive feed-
back effect of increasing the heating rate leads to the
thermal instability.

5. Summary

We construct the disk model with the non-standard α-
prescription according to the recent numerical simula-
tions (Lesur & Longaretti 2007, Simon & Hawley 2009).
In our model, α depends on the magnetic Prandtl num-
ber, which is evaluated by using the Spitzer’s value (see,
also Balbus & Henri 2008). The magnetic Prandtl num-
ber decreases with radius and becomes smaller than
unity when r > 100rs. Then the viscous parameter α



becomes a function of r and it decreases with increasing
radius.

Such a non-conventional α-disk can be unstable to
gravitational, thermal and secular instabilities. For
the gravitational instability, the disks model of LMXBs
(M = 10M¯) is stable, while the model of AGNs
(M = 108M¯) is unstable to the instability as well as
the standard accretion disks. The effect of MRI-driven
turbulence facilitates the instability at which r > 100rs.
For the thermal and secular instabilities, the disk be-
comes unstable when δ > 2/3 even if the gas pressure
dominates the radiation pressure. In the conventional
standard disks, it is well known that the disk is stable to
these instabilities when the radiation pressure is negligi-
ble. However, when we consider the effect of MRI-driven
turbulence, the saturation levels of the viscous parame-
ter increases with increasing the temperature through
the magnetic Prandtl number. The positive feedback of
increasing the viscous heating rate leads to the thermal
instabilities. Since the saturation levels of the viscous
parameter decreases with increasing the mass density,
the increase in the density leads to the inefficient angu-
lar momentum transport. Then the positive feedback
effect results in the secular instability. Since the thermal
instability develops faster than the secular instability,
the accretion disks at which the MRI is well developed
(r < 100rs) would suffer from the thermal instability.

If the MRI plays an important role in operating the
MHD-turbulence and the mass accretion in astrophysi-
cal disk systems, the steady mass accretion would not
be maintained due to these instabilities. When the ther-
mal instability develops, the increase in the temperature
leads to the higher saturation level of the angular mo-
mentum transport in MRI-driven turbulence. It results
in the increase in the mass accretion rate. Such a effi-
cient mass accretion onto the central objects would cause
the phase transition observed in the disk systems. Con-
sideration of these instabilities driven by the MRI-driven
turbulence would make the rapid transition of the astro-
physical disk system less mysterious.
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